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Abstrat
We study the linearization stability of the Einstein onstraint equa-
tions on an asymptotially hyperboli manifold. In partiular we prove
that these equations are linearization stable in the neighborhood of va-
uum solutions for a non-positive osmologial onstant and of Friedman
LemaîtreRobertsonWalker spaes in a ertain range of deays. We also
prove that this result is no longer true for faster deays. The onstrution
of the ounterexamples is based on a new onstrution of TT-tensors on
the Eulidean spae and on positive energy theorems.
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1 Introdution
General Relativity desribes spae-time as a manifold Mn+1 endowed with a
Lorentzian metri g̃, that is to say a symmetri 2-tensor with signature (− ++⋯+), satisfying the Einstein's equations:
G̃µν +Λcg̃µν = 8πG
c4
T̃µν , (1.1)
where G̃µν = Ricµν− Ŝcal2 g̃µν is the Einstein tensor of g̃, Λc is the osmologial
onstant, G is Newton's onstant, c is the speed of light and T̃µν is the stress-
energy tensor of the matter. We refer the reader to any good referene textbook
for more details (e.g. [Wal℄ or [HE℄). These equations form an intriate system of
non-linear partial dierential equations and only few exat solutions are known.
One is then lead to study perturbative solutions of the Einstein equations, that
is to say solutions (M, g̃′) of the Einstein equations lose to exat solution(M, g̃). This issue is generally addressed by studying the Einstein equations
linearized at (M, g̃, T̃ ):
DG̃g̃(δg̃) = 8πG
c4
δT̃ , (1.2)
where DG is the linearized Einstein operator, δg̃ = g̃′ − g̃ and δT̃ = T̃ ′ − T̃ . As
an example, this method is useful for the study of gravitational waves (see e.g.
[Wal, setion 4.4℄). It is then an important issue to know if all these approxi-
mate solutions of the Einstein equations an be onverted into true solutions,
i.e. given δg̃ and δT̃ satisfying the linearized Einstein equations (1.2), does
there exist a one-parameter pair (g̃(λ), T̃ (λ)) solution of the Einstein equation
(1.1) suh that g̃(λ) = g̃+λδg̃+o(λ) and T̃ (λ) = T̃+λδT̃+o(λ) for a ertain norm?
If the spae-time (M, g̃) is globally hyperboli, this question is usually tak-
led in the following way. First remark that if M ⊂M is a Cauhy surfae then
δg̃ and δT̃ indue solutions of the linearized onstraint equations on M . Then
prove that the onstraint equations are linearization stable (in a sense similar
to the previous one, see denition 3.1 for the preise statement). This problem
turns out to be easier beause it is ellipti. Finally prove that the solutions of
the Einstein equations depends smoothly on the Cauhy data (see e.g. [FR00℄).
This method was used to study the linearization stability of the vauum
Einstein equations when the spae-time admits a ompat Cauhy surfae (see
e.g. [FM73℄, [Mon75, Mon76℄ and [AM79℄) or an asymptotially Eulidean one
[CBD73, CBFM77℄. Linearization stability of the Einstein equations oupled to
matter has been addressed, among other, in the ase of salar-tensor theories
in [SJ81, SJ82℄ and of FriedmannLemaîtreRobertsonWalker (FLRW) models
(see [HE, setions 5.3 and 5.4℄ or [Wal, setion 5℄ for the desription of these
models) in [BG99a, BG99b, BG05℄.
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We extend results on linearization stability of the onstraint equations to
asymptotially hyperboli Cauhy surfaes for vauum spae-times (Proposi-
tion 3.8) and FLRW models (Proposition 3.9). We prove that the onstraint
equations are linearization-stable in a ertain weight interval (see Theorem 3.7
for the preise statment). We give ounterexamples in Proposition 3.11, show-
ing that the onstraint equations are not garanteed to be linearization-stable
for faster deay. We also apply the same proedure to the asymptotially Eu-
lidean ase in Proposition 3.12. The onstrution of these ounterexamples
relies on positive energy theorems for asymptotially anti-de Sitter [Mae06℄ and
asymptotially at [CM06℄ spae-times and on a new onstrution of ompatly
supported TT-tensors (Proposition 3.10).
Starting from a pair (M, g̃) and a Cauhy surfae M ⊂ M, we denote g
the metri indued on M by g̃ and K the seond fundamental form of the
embedding M ⊂ M: let N be the future pointing unit normal vetor to M
and dene (loally) the geodesi ow generated by N . This indues a time
oordinate t whih is zero on M and whose gradient is −N . Our onvention for
the seond fundamental form is then the following:
Kij = 1
2
∂tgij = ∇iNj, (1.3)
where i, k, . . . orrespond to spatial oordinates. The onstraint equations
then read:
Scalg − 2Λc − ∣K ∣2g + (trgK)2 = 2ρ (Hamiltonian onstraint) (1.4)
divgK − d (trgK) = −Ji (Momentum onstraint) (1.5)
where (divgK)j = ∇iKij , ρ = 8πGc4 TNN and Ji = 8πGc4 TNi. We refer the reader to
[BI04℄ or [Gi08℄ for more details.
We shall denote Φ the onstraint operator :
Φ(g,K) = ( Scalg − 2Λc − ∣K ∣2g + (trgK)2∇jKij −∇i (trgK) ) = (
2ρ−Ji ) . (1.6)
If the pair (g,K) in the neighborhood of whih we are willing to study the
linearization stability of the onstraint equations is not in the funtional spae
we are onsidering (whih will be the ase for funtion spaes in whih the
variations of the metri tends to 0 at innity), we have to onsider ane spaes
so it is onvenient to introdue the following renormalized onstraint operator:
Φr ∶ (δg, δK) ↦ Φ(g + δg,K + δK) −Φ(g,K). (1.7)
This paper is organized as follows. In Setion 2, we introdue the lass of
asymptotially hyperboli manifolds together with the funtional spaes nat-
urally attahed to them. In Setion 3, we rst give the preise denition of
3
linearization stability (Subsetion 3.1). Then we give onditions for the dier-
entiability of the onstraint operator in Subsetion 3.2. We state and prove our
main theorem (Theorem 3.7) in Subsetion 3.3. In Subsetion 3.4, we give two
examples of spaes that are linearization stable (Propositions 3.8 and 3.9). Fi-
nally, we give simple ounterexamples of linearization instability in Subsetion
3.5.
Aknowledgments. I am grateful to Gilles Carron and Erwann Delay for useful
disussions and support. I also thank Piotr Chru±iel and Daniel Maerten for
useful referenes.
2 Asymptotially hyperboli manifolds
2.1 Denition
Let M be a smooth ompat manifold with boundary ∂M . We denote M the
interior ofM . A dening funtion for ∂M is a smooth funtion ρ ∶M → [0; ∞)
suh that ρ−1(0) = ∂M and dρ ≠ 0 along ∂M . A Riemannian metri g on M
is alled Cl,β-onformally ompat if ρ2g extends to a Cl,β metri g on M .
A simple alulation proves that if g is Cl,β-onformally ompat with l + β ≥ 2
then the setional urvature of g tends to −∣dρ∣2g in a neighborhood of ∂M . As a
onsequene, g is said asymptotially hyperboli if g is onformally ompat
and suh that ∣dρ∣2g = 1 along ∂M .
2.2 Funtion spaes
Fix a geometri tensor bundle (i.e. assoiated to the prinipal SO(M)-bundle)
E on M . Let k ≥ 0 be an integer and 0 < α < 1. We rst dene the (non
weighted) Sobolev spae W
k,p
0 (M,E) as the set of setions u ∈ Lp of E suh
that ∀ j ∈ {0,⋯, k}, ∇(j)u ∈ Lp endowed with the norm:
∥u∥
W
k,p
0
(M,E) = ⎛⎝
k
∑
j=0
∫
M
∥∇(j)u∥p dµg⎞⎠
1
p
.
We also dene the weighted Sobolev spae W
k,p
δ
(M,E) = ρδW k,p0 (M,E)
together with the norm: ∥u∥
W
k,p
δ
(M,E) = ∥ρ−δu∥Wk,p
0
(M,E). We shall denote
L
p
δ
=W 0,p
δ
.
Then we dene weighted Hölder spaes. Choose a nite number of harts
φ = (ρ, θ1,⋯, θn−1) in the neighborhood of ∂M suh that the reunion of their
domain of denition overs ∂M . Add another nite set of harts dened on
relatively ompat domains to over the whole of M . Denote Hn the upper
half-spae model of the hyperboli spae : {(x1, . . . , xn) ∈ Rn∣x1 > 0} endowed
with the metri ghyp = 1x2
1
geucl. Dene Br the ball of radius r entered at
(1,0,⋯,0) in H with the hyperboli metri. If M ∋ p0 = φ−1(ρ0, θ10⋯, θn−10 ) is
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the reiproal image for one of the given harts, dene the (radius r-) Möbius
hart at p0 by :
φrp0 (p) = (ρ(p)ρ0 ,
θ1(p) − θ10
ρ0
,⋯, θn−1(p) − θn−10
ρ0
)
φrp0 ∶ (φrp0)−1 (Br) → Br. The Hölder norm is dened by :
∥u∥Ck,α
δ
(M,E) = sup
p0∈M
ρ−δ(p0) ∥((φ1p0)−1)∗ u∥Ck,α(B1) .
The spae Ck,α
δ
(M,E) is the set of setions u ∈ Ck,α
loc
suh that :
∥u∥Ck,α
δ
(M,E) < ∞.
For more details about these funtion spaes, we refer the reader to [Lee06℄.
An important remark is that, unlike the asymptotially Eulidean ase (see e.g.
[Bar86℄), there is no gain of deay in the Sobolev injetions. We give a simple
example of this fat : There is no ontinuous injetionW
1,p
δ
(M,R)↪ Lq
δ′
(M,R)
for any δ′ > δ. Indeed, let M,g be any AH manifold. Choose a smooth om-
patly supported funtion f ∶ B1 → R. Selet a sequene of Möbius balls Bi
tending to innity, set fi = f ○ Φi where Φi is the hart assoiated to Bi and
extend f by zero outside Bi. It an be easily seen that the sequene of funtions
fi
ρδ
i
is bounded in W
1,p
δ (M,R) but diverges in Lqδ′(M,R) if δ′ > δ.
We remark the following proposition whose proof is similar to [Ada75, The-
orem 5.23℄:
Proposition 2.1. Let (Mn, g) be a Cl,β-asymptotially hyperboli manifold with
l + β ≥ 2, 1 ≥ k ≥ l an integer, and 1 ≤ p ≤ ∞ a real number suh that kp > n.
The W
k,p
0 (M,R) spae is a Banah algebra. The spaes W k,pδ (M,V ), for V any
geometri bundle over M are W
k,p
0 (M,R)-modules and the map W k,p0 (M,R) ×
W
k,p
δ
(M,V )→W k,p
δ
(M,V ) is ontinuous.
This propositions generalizes to the spaes W
k,p
δ
(M,R) for δ ≥ 0: the map
W
k,p
δ
(M,R)×W k,p
δ′
(M,V )→W k,p
δ+δ′(M,V ) is bilinear ontinuous. In partiular,
the spaes W
k,p
δ
(M,R) are Banah algebras (without identity) for δ > 0. The
previous ounter-example proves that this property is no longer true when δ < 0.
This makes Sobolev spaes not suited to the study of non-linear problems on
asymptotially hyperboli manifolds beause it is not possible to obtain the
full expeted weight range (as an example, one would expet naively that the
ondition δ < δ0 for Hölder spaes transforms into δ + n−1p < δ0 for Sobolev
spaes as it is the ase for linear equations). We give another example: if g is an
asymptotially hyperboli metri, the set of positive denite metris is an open
subset of the ane spae g +W k,p
δ
only if δ ≥ 0. However, it is possible to get
these properties bak by restriting ourselves to subspaes of W
k,p
δ
. We dene
the W̃
m,p;k,α
δ
spaes:
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W̃
m,p;k,α
δ
(M,V ) =Wm,p
δ
(M,V )⋂Ck,α0 (M,V ). (2.1)
where 0 ≤ m,k ≤ l + β are integers, 1 ≤ p < ∞, 0 ≤ α < 1 with k + α ≤
l + β. Remark that this intersetion makes sense beause both these spaes are
subspaes of L
p
δ′
for some δ′ < 0 large enough. We endow this spae with the
norm:
∥u∥
W̃
m,p;k,α
δ
(M,V ) = ∥u∥Wm,pδ (M,V ) + ∥u∥Ck,α0 (M,V ) . (2.2)
We rst show that these spaes behave well with respet to tensor produt:
Proposition 2.2. Let (M,g) be a Cl,β-asymptotially hyperboli manifold. The
spae W̃
m,p;k,α
δ
(M,V ) is a Banah spae. If k + α ≥ ⌊m
2
⌋, with m ≤ l + β and
k+α ≤ l+β, for all δ ∈ R, the produt map W̃m,p;k,αδ (M,V1)×W̃m,p;k,αδ (M,V2) →
W̃
m,p;k,α
δ
(M,V1 ⊗ V2) is a ontinuous bilinear map.
Proof. We rst prove that these spaes are Banah spaes. This is a onse-
quene of the general following fat: if X , Y and Z are three Banah spaes,
suh that X,Y are vetor subspaes of Z, and suh that the norms ∥.∥X and∥.∥Y are stronger than the norms indued on X and Y by ∥.∥Z , the spae X ⋂Y
endowed with the norm ∥.∥X + ∥.∥Y is a Banah spae. Indeed if (xi)i≥0 is a
Cauhy sequene in X⋂Y , then it is also a Cauhy sequene in X , Y and Z.
It admits a limit in all those three spaes. Sine the norm on Z is weaker than
the norms on X and Y , limX xi = limZ xi = limY xi ∈ X⋂Y .
To prove the seond property, we overM by a ountable number of Möbius
harts (Bi,Φi), with Bi entered at xi ∈ M , suh that there exists an N < ∞
suh that eah Bi intersets at most N Bj , j ≠ i (the existene of suh a overing
is shown in [Lee06℄). We dene the following norm:
∥u∥′Wm,p
δ
=∑
i
ρ−δ(xi) ∥(Φi)∗ u∥Wm,p(B)
where the W k,p norm appearing on the right hand side of this equation is the
usual norm assoiated to the Eulidean metri on B. This norm is equiv-
alent to ∥.∥Wm,p
δ
we dened previously. The subspae Cl,β(B) is dense in
Wm,p(B)⋂Ck,α(B). Let a = (a1, . . . , an) be an n-uplet of positive integers,
dene ∣a∣ = ∑i ai. If a and b are two n-uplets of positive integers, we say that
b ≤ a if bi ≤ ai for all i = 1, . . . , n. Let u, v ∈ Cl,β(B) and a be an n-uplet of
positive integers suh that ∣a∣ ≤m. One has :
∂a(u⊗ v) = ∑
b≤a
∂au⊗ ∂a−bv,
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so
∥∂a(uv)∥Lp(B) ≤ ∑
b≤a
∥∂bu⊗ ∂a−bv∥
Lp(B)
≤ ∑
b≤a,∣b∣≤⌊ ∣a∣
2
⌋
∥∂bu∥
L∞(B) ∥∂a−bv∥Lp(B) + ∑
b≤a,∣b∣>⌊ ∣a∣
2
⌋
∥∂bu∥
Lp(B) ∥∂a−bv∥L∞(B)
≤ ∥u∥Ck,α(B) ∥v∥Wm,p(B) + ∥v∥Ck,α(B) ∥u∥Wm,p(B) .
This proves that
∥u⊗ v∥Wk,p(B) ≤ C ∥u∥Ck,α(B) ∥v∥Wm,p(B) + ∥v∥Ck,α(B) ∥u∥Wm,p(B) .
for some onstant C > 0. By density of the funtions Cl,β(B), this inequality
holds for any u, v ∈Wm,p(B)⋂Ck,α(B). As a onsequene:
∥u⊗ v∥′Wm,p
δ
(M,V1⊗V2) = ∑
i
ρ−δ(xi) ∥(Φi)∗ (u⊗ v)∥Wm,p(B)
≤ C∑
i
ρ−δ(xi) (∥(Φi)∗ u∥Wm,p(B) ∥(Φi)∗ v∥Ck,α(B)
+ ∥(Φi)∗ u∥Ck,α(B) ∥(Φi)∗ v∥Wm,p(B))
≤ C (∥u∥Ck,α
0
(M,V1) ∥v∥′Wm,pδ (M,V2) + ∥u∥Wm,pδ (M,V1) ∥v∥′Ck,α0 (M,V2))∥u⊗ v∥Wm,p
δ
(M,V1⊗V2) ≤ C′ ∥u∥W̃m,p;k,αδ (M,V1) ∥v∥W̃m,p;k,αδ (M,V2) ,
for some onstant C′ > 0 independant of u and v. We also have the inequality:
∥u⊗ v∥Ck,α(M,V1⊗V2) ≤ C′′ ∥u∥Ck,α0 (M,V1) ∥v∥Ck,α0 (M,V2) ≤ C′′ ∥u∥W̃m,p;k,αδ (M,V1) ∥v∥W̃m,p;k,αδ (M,V2) ,
where C′′ > 0 is independant of u and v. The Proposition is then obtained by
adding the two inequalities.
Corollary 2.3. Under the assumptions of Proposition 2.2, the map g′ ↦ (g′)−1
is well dened and analyti in a neighborhood of g between the following ane
spaes:
g + W̃m,p;k,α
δ
→ g−1 + W̃m,p;k,α
δ
.
Proof. By raising one index, this amounts to showing that the map
Id + W̃m,p;k,α
δ
(End(TM))→ Id + W̃m,p;k,α
δ
(End(TM))
whih assoiates to a setion of the bundle of endomorphism of the tangent
bundle its inverse is well dened and analyti in a neighborhood of Id. To prove
this, we remark that: the spae W̃
m,p;k,α
δ
(End(TM)) is a Banah algebra and
there is a ontinuous injetion W̃
m,p;k,α
δ
↪ L∞. Indeed if W is a Banah algebra
whih is ontinuously embedded in L∞, the appliation Id+u↦ (Id+u)−1, with
u ∈W , is given by: (Id + u)−1 = Id − u + u2 − u3 + . . .
This series onverges in L∞ if ∥u∥L∞ < 1 and also onverges in Id +W if ∥u∥W
is small enough. The injetion W ↪ L∞ begin ontinuous, the limits of these
series oinides. This proves the orollary.
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3 Linearization stability
3.1 Preliminaries on Banah spaes
In this setion, we give the general denition of linearization stability for a non-
linear funtion F between two Banah spaes (denition 3.1) and give a pratial
riterion to prove linearization stability (Proposition 3.3). The denition we give
is rather weak but turns out to be suient in pratie. We refer the reader to
[Mon75℄ or [BG99a℄ for stronger denitions.
Denition 3.1. Let X and Y be two Banah spaes, U an open subset of X
and F ∶ U → Y a ontinuous map. Let x0 ∈ U and denote y0 = F (x0). F
is said linearization stable at x0 if F is dierentiable at x0 and if for any
δx ∈ X and any δy ∈ Y suh that δy = DFx0(δx), there exist ǫ > 0 and a urve
x = x(λ) ∈X, λ ∈ (−ǫ, ǫ) suh that:
{F (x) = y0 + λδy
x = x0 + λδx + o(λ).
Remarks :
1. In the denition, we have hosen y = y0 + λδy while the denition given
in the introdution orresponds to y = y0 + λδy + o(λ). This is due to
the fat that onstraint equations do not restrit the hoie of T̃ along M
while Einstein's equations imply the onservation of the stress-momentum
tensor: ∇̃µT̃µν = 0 (whih is a onsequene of the motion equations for all
elds but the gravitational one).
2. The urve x(λ) is not (loally) unique in general (unless DFx0 is an iso-
morphism).
Proposition 3.2. Let X and Y be two Banah spaes, U an open subset of X
and F ∶ U → Y a ontinuous map. Let x0 ∈ U be suh that F is dierentiable at
x0. If DFx0 is onto and if ker (DFx0) admits a losed omplementary subspae
then F is linearization stable at x0.
Proof. Let Z be a losed omplementary subspae of ker (DFx0) in X . Without
loss of generality, we an assume that x0, y0 = 0. The map DF0 restrited
to Z is a biontinuous isomorphism. Let p be the projetion onto ker (DF0)
with respet to Z. The map F˜ ∶ U → Y × ker (DF0), x ↦ (F (x), p(x)) is
ontinuous and dierentiable at 0 with DF˜0 ∶ δx ↦ (DF0(δx), p(δx)). DF˜0
is an isomorphism. The Impliit Funtion Theorem shows that there exists
neighborhoods V0 of 0X , V1 of 0Y and a funtion F˜
−1 ∶ V1 → V0 reiproal to
F . Let x(λ) = F˜ −1(DF˜0(λδx)). x(λ) is the unique solution in V0 of F (x) =
λδy, p(x) = λδx. By the denition of the dierential of F , one has
x(λ) − λδx = F˜ −1(DF˜0(λδx)) −DF˜ −10 (DF˜0(λδx)) = o(λ).
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We give now a simple riterion to prove linearization stability:
Proposition 3.3. Under the assumptions of Proposition 3.2, if there exists a
Banah spae E and a linear map ϕ ∶ E → X suh that DFx0 ○ϕ ∶ E → Y is an
isomorphism, then F is linearization stable at x0.
Proof. From Proposition 3.2, it is enough to prove that DFx0 is onto and that
kerDFx0 admits a losed omplementary subspae. It is obvious that DFx0 is
onto and that Imϕ ⊕ kerDFx0 = X . There is only to prove that Imϕ is losed
in X . There exists a onstant C > 0 suh that ∀x ∈ E ∥x∥ ≤ C∥ϕ(x)∥. Indeed,
there exists C′ > 0 suh that ∥x∥ ≤ C′∥DFx0(ϕ(x))∥ so ∥x∥ ≤ C′ ∥DFx0∥ ∥ϕ(x)∥.
This proves that ϕ ∶ E → Imϕ is a biontinuous morphism. In partiular Imϕ
is omplete for the norm ∥.∥X and so it is losed.
Remark in partiular that the linearization stability issue is losely related
to the study of the manifold struture of the set of solutions of the onstraint
equations. This problem is studied in [CD04℄.
3.2 Dierentiability of the onstraint equations
Proposition 3.4 (Dierentiability of the onstraint operator). Let (M,g) be
a Cl,β-asymptotially hyperboli manifold, with l + β > 2, and K a symmetri
2-tensor, then the renormalized onstraint operator
Φr ∶ (δg, δK)↦ Φ(g+δg,K+δK)−Φ(g,K) = (2ρ(g+δg)−2ρ(g),−Ji(g+δg)+Ji(g))
is well dened in a neighborhood of (0,0) and is dierentiable at (0,0) seen as
an operator between the following spaes:
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
Cm+2,α
δ
× Cm+1,α
δ
→ Cm,α
δ
× Cm,α
δ
if δ ≥ 0 and m + 2 + α ≤ l + β
W
m+2,p
δ
×Wm+1,p
δ
→Wm,p
δ
×Wm,p
δ
if δ ≥ 0, n <mp and m + 2 ≤ l + β
W̃
m+2,p;k+2,α
δ
× W̃m+1,p;k+1,α
δ
→ W̃m,p;k,α
δ
× W̃m,p;k,α
δ
if m ≤ l + β and ⌊m
2
⌋ ≤ k + α ≤ l + β,
for all δ ∈ R.
The linearized onstraint operator at (g,K) is then given by:
ϕ(h, k) =
⎛⎜⎜⎜⎜⎜⎜⎝
−∆ (trg h) +∇p∇qhpq −Ricpqhpq − 2Kpqkpq
+2gklgpqguvKkpKquhvq + 2 (trgK) gpq (kpq − hpkgklKlq)
∇jkij −∇i (trg k) − hpq∇pKiq + 12Kpq∇ihpq + hpq∇iKpq− 1
2
gpq [2∇khkp − ∇p (trg h)]Kiq
⎞⎟⎟⎟⎟⎟⎟⎠
(3.1)
where we set h = δg and k = δK the variations of the metri and of the seond
fundamental form.
Proof. The proof is the same for all three ases. For Hölder we also refer the
reader to [CD03℄. We show the dierentiability of the ontraint map between the
W̃ spaes. We will just prove the dierentiability of the map δg ↦ Scalg+δg −
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Scalg, the proof for the other terms appearing in the denition of Φr being
similar. Denote g′ = g + δg. The dierene between the Levi-Civita onnexions
assoiated to g and to g′ is a tensor:
∇′ = ∇+ Γ,
where the expression of Γ is idential to the usual expression of the Christoel
symbols (for the metri g′) exept that the partial derivatives are replaed by
ovariant derivatives (with respet to g). The (1, 3) Riemann tensor assoiated
to g′ an then be written formally:
Rg′ = Rg +∇Γ − ∇Γ + Γ ∗ Γ − Γ ∗ Γ.
In partiular, the salar urvature of g′ is
Scalg′ = (g′)−1 ∗Ricg + (g′)−1 ∗ (∇Γ − ∇Γ + Γ ∗ Γ − Γ ∗ Γ) .
The dierentiability of g′ ↦ Scalg′ is then a simple onsequene of the stability
with respet to tensor produt of the spaes W̃
m,p;k,α
δ
(Proposition 2.2) whih
implies that the produt of two dierentiable maps is dierentiable and of its
orollary 2.3 (diérentiability of the inverse of the metri).
3.3 Linearization stability of the onstraint equations
Let (M,g) be a Cl,β-asymptotialy hyperboli manifold. Let m ≥ 0, α ∈ [0; 1)
be suh that m + 2 +α ≤ l + β. Dene h = ug and m = L˚ξg +αuK + βu (trgK)g.
If K ∈ Cm+1,α
δ
, the map
f ∶ (u, ξ) → (h, k)
is a linear map between the following spaes:
⎧⎪⎪⎪⎨⎪⎪⎪⎩
Cm+2,α
δ
× Cm+2,α
δ
→ Cm+2,α
δ
× Cm+1,α
δ
W
m+2,p
δ
×Wm+2,p
δ
→Wm+2,p
δ
×Wm+1,p
δ
W̃
m+2,p;k+2,α
δ
× W̃m+2,p;k+2,α
δ
→ W̃m+2,p;k+2,α
δ
× W̃m+1,p;k+1,α
δ
Composition with the linearized onstraint operator ϕ (3.1) leads to:
ϕ ○ f(u, ξ) =
⎛⎜⎜⎜⎜⎜⎜⎝
−∆ (trg h) +∇p∇qhpq −Ricpqhpq − 2Kpqkpq
+2gklgpqguvKkpKquhvq + 2 (trgK)gpq (kpq − hpkgklKlq)
∇jkij −∇i (trg k) − hpq∇pKiq + 12Kpq∇ihpq + hpq∇iKpq− 1
2
gpq [2∇khkp −∇p (trg h)]Kiq
⎞⎟⎟⎟⎟⎟⎟⎠
= ⎛⎜⎝
−(n − 1)∆u − Scal u + 2 ∣K ∣2g u − 2 (trgK)2 u − 2 (Kpq − (trgK)gpq)kpq
∇jkij −∇i (trg k) − u∇jKij + 12 (trgK)∇iu + u∇i (trgK) + n−22 Kij∇ju
⎞⎟⎠
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ϕ○f(u, ξ) =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
−(n − 1)∆u − Scal u + 2 ∣K ∣2g u − 2 (trgK)2 u
−2 [⟨K, L˚ξg⟩ + αu (∣K ∣2g − (trgK)2) − (n − 1)βu (trgK)2]
∆TT ξi + (α − 1)u (∇jKij − ∇i (trgK)) + α [Kij∇ju − (trgK)∇iu]
−(n − 1)β [u∇i (trgK) + (trgK)∇iu] + 12 (trgK)∇iu + n−22 Kij∇ju
⎞⎟⎟⎟⎟⎟⎟⎟⎠
Choosing α = −n−2
2
and β = 1
2
, we obtain:
f(u, ξ) = ( ugL˚ξg − n−22 uK + 12u (trgK)g ) (3.2)
and
ϕ○f(u, ξ) =
⎛⎜⎜⎝
−(n − 1)∆u − Scal u + n(∣K ∣2g − (trgK)2)u + (n − 1)u (trgK)2 − 2 ⟨K, L˚ξg⟩
∆TT ξi − n2u (∇jKij −∇i (trgK)) − n−12 u∇i (trgK)
⎞⎟⎟⎠
ϕ ○ f(u, ξ) = ⎛⎜⎝
−(n − 1)∆u − Scal u + n ∣L∣2g u − 2 ⟨L, L˚ξg⟩
∆TT ξi + n2uJi − n−12 u∇i (trgK)
⎞⎟⎠ , (3.3)
where L = K˚ is the traeless part of the seond fundamental form K, Ji =
∇i (trgK)− ∇jKij and ∆TT ξi = div (L˚ξg)i =∆ξi +∇j∇iξj − 2n∇i (∇jξj).
We give the following theorem whih is a orollary of the proof of [Gi08,
Theorem 1.3℄:
Lemma 3.5 (Isomorphism Theorem for∆TT ). Let (M,g) be a Cl,β-asymptotially
hyperboli manifold with l + β ≥ 2. The linear map ∆TT is an isomorphism be-
tween the following spaes:
⎧⎪⎪⎨⎪⎪⎩
Cm+2,α
δ
→ Cm,α
δ
if m + 2 + α ≤ l + β and δ ∈ (−1, n)
W
m+2,p
δ
→Wm,p
δ
if m + 2 ≤ l + β and ∣δ + n−1
p
− n−1
2
∣ < n+1
2
.
Lemma 3.6 (Isomorphism Theorem for the linearized Hamiltonian onstraint).
Let (M,g) be a Cl,β-asymptotially hyperboli manifold and L be a symmetri
traeless 2-tensor suh that ∣L∣2 ∈ C0,α
δ′
for a ertain δ′ > 0. If the operator
P ∶ u↦ −(n − 1)∆u − Scal u + n ∣L∣2 u
has a trivial L2-kernel, then it is an isomorphism between the following spaes:
⎧⎪⎪⎨⎪⎪⎩
Cm+2,α
δ
→ Cm,α
δ
if δ ∈ (−1, n) and L ∈ Cm,α0
W
m+2,p
δ
→Wm,p
δ
if ∣δ + n−1
p
− n−1
2
∣ < n+1
2
and L ∈ Cm,00 .
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Remark : This isomorphism Theorem is valid for Sobolev spaes assuming
only that ∣L∣2 → 0 at innity.
Proof. This theorem annot be proved by using [Lee06, Theorem C℄ beause
this Theorem only applies to geometri operators (see also [AC96℄). Even if
it is possible to modify the proof of this Theorem, we give another one whih
uses [Lee06, Theorem C℄ without modiation. We deal only with Sobolev
spaes. The proof for Hölder spaes is similar (but slightly more ompliated).
Assume rst that m = 0. Dene P0 ∶ u ↦ −(n − 1)∆u − Scal u. P0 is a formally
selfadjoint geometri operator. A straightforward alulation shows that the
ritial exponents of P0 are s = −1 and s = n. Let p ∈ (1,∞) and δ be suh that
∣δ + n−1
p
− n−1
2
∣ < n+1
2
. By [Lee06, Theorem C℄, the operator
P0 ∶W 2,pδ → Lpδ
is Fredholm with zero index. Let ψ ∶ [0,∞) → R be a ut-o funtion suh that
ψ(x) = 1 when 0 ≤ x ≤ 1 and ψ(x) = 0 when x ≥ 2. Let ǫ > 0, dene the operator
Pǫ ∶ W 2,pδ → Lpδ by Pǫ(u) = −(n − 1)∆u − Scal u + n ∣L∣2 ψ (ρǫ )u. As ∣L∣2 → 0 at
innity, the operators Pǫ onverge to P0 as operators from W
2,p
δ
to L
p
δ
. If ǫ is
small enough, the operator Pǫ is Fredholm with index 0. If δ
′ < δ, there exists
a onstant C > 0 suh that:
∥u∥W 2,p
δ
≤ C (∥Pǫ(u)∥Lp
δ
+ ∥u∥Lp
δ′
) ∀u ∈W 2,p
δ
.
Indeed, if F ⊂W 2,p
δ
is a omplementary subspae to kerPǫ, the norm ∥Pǫ(.)∥Lp
δ
+
∥.∥Lp
δ′
is omparable on F with ∥.∥W 2,p
δ
and, kerPǫ being nite dimensional, the
norm ∥.∥Lp
δ′
is omparable to ∥.∥W 2,p
δ
on kerPǫ. Finally, P = Pǫ+n ∣L∣2 (1 −ψ ( ρǫ ))
so
∥P (u)∥Lp
δ
≤ ∥Pǫ(u)∥Lp
δ
+ ∥n ∣L∣2 (1 − ψ (ρ
ǫ
))u∥
L
p
δ
≤ C (∥Pǫ(u)∥Lp
δ
+ ∥u∥Lp
δ′
) ,
beause n ∣L∣2 (1 − ψ (ρ
ǫ
))
has a ompat supprt (C is a onstant that depends
only on M,g, p, δ and δ′ and an vary from line to line). We have proven:
∥u∥W 2,p
δ
≤ C (∥P (u)∥Lp
δ
+ ∥u∥Lp
δ′
) ∀u ∈W 2,p
δ
.
A proof similar to the one done in [Gi08℄ shows that the kernel of P oinides
with the kernel of P ∶W 2,20 → L20 and that if this kernel is redued to {0}, then
P ∶ W 2,p
δ
→ Lp
δ
is an isomorphism. The Lemma is then proved for m > 0 by
applying ellipti regularity in Möbius harts (see e.g. [Lee06℄).
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We an now state the main result of this artile:
Theorem 3.7 (Linearization stability of the onstraint operator). Let (M,g,K)
be a triple suh that (M,g) is a Cl,β-asymptotially hyperboli manifold with
l + β ≥ 2 and K a symmetri 2-tensor, then, assuming that
1. trgK is onstant on M ,
2. Ji = ∇i (trgK) −∇jKij = 0,
3. L ∈ Cm,α0 with ∣L∣2 ∈ C0,αδ′ for some δ′ > 0,
4. the L2 kernel of the operator P ∶ u↦ −(n−1)∆u−Scal u+n ∣L∣2 u is trivial,
then the onstraint operator Φr is linearization stable at (M,g,K) between the
following spaes:
 if 0 ≤ δ < n and m + 2 + α ≤ l + β,
Cm+2,α
δ
× Cm+1,α
δ
→ Cm,α
δ
× Cm,α
δ
,
 if δ ≥ 0,∣δ + n−1
p
− n−1
2
∣ < n+1
2
, n < (m + 2)p et m + 2 ≤ l
W
m+2,p
δ
×Wm+1,p
δ
→Wm,p
δ
×Wm,p
δ
,
 for any δ suh that ∣δ + n−1
p
− n−1
2
∣ < n+1
2
, if n < mp, m + 2 ≤ l + β and
⌊m
2
⌋ ≤ k + α ≤ l + β
W̃
m+2,p;k+2,α
δ
× W̃m+1,p;k+1,α
δ
→ W̃m,p;k,α
δ
× W̃m,p;k,α
δ
.
Proof. The spaes appearing in the Theorem are suh that the onstraint op-
erator Φ is dierentiable at (g,K). Thus, by Proposition 3.3, it is enough to
prove that the omposition ϕ ○ f is an isomorphism. Under the assumption of
the Theorem, the omposition ϕ ○ f is given by:
f ○ϕ(u, ξ) = ⎛⎜⎝
−(n − 1)∆u − Scal u + n ∣L∣2g u − 2 ⟨L, L˚ξg⟩
∆TT ξi
⎞⎟⎠ .
This is a dierential operator between the following spaes:
⎧⎪⎪⎨⎪⎪⎩
Cm+2,α
δ
× Cm+2,α
δ
→ Cm,α
δ
× Cm,α
δ
if δ ∈ (−1, n)
W
m+2,p
δ
×Wm+2,p
δ
→Wm,p
δ
×Wm,p
δ
if ∣δ + n−1
p
− n−1
2
∣ < n+1
2
,
if L ∈ Cm,α0 . By solving rst the seond line of:
ϕ ○ f(u, ξ) = ⎛⎜⎝
2δρ
−δJi
⎞⎟⎠ (3.4)
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using Lemma 3.5, then the rst line using Lemma 3.6, we prove that the op-
erator ϕ○f is an isomorphism is an isomorphism between the spaes mentionned
earlier. This proves linearization stability for Hölder and Sobolev spaes. In or-
der to treat the mixed ase, remark that, if K ∈ Cm,α0 , ϕ is a ontinuous linear
map between the following spaes:
f ∶ W̃m+2,p;k+2,α
δ
× W̃m+2,p;k+2,α
δ
→ W̃m+2,p;k+2,α
δ
× W̃m+1,p;k+1,α
δ
,
and ϕ :
ϕ ∶ W̃m+2,p;k+2,α
δ
× W̃m+1,p;k+1,α
δ
→ W̃m,p;k,α
δ
× W̃m,p;k,α
δ
.
As a onsequene, the omposition:
ϕ ○ f ∶ W̃m+2,p;k+2,αδ × W̃m+2,p;k+2,αδ → W̃m,p;k,αδ × W̃m,p;k,αδ
is an isomorphism. Indeed, it is obvious that ϕ ○ f is injetive. We prove
that it is also surjetive. Let (2δρ,−δJi) ∈ W̃m,p;k,αδ × W̃m,p;k,αδ . There exists
solutions (u1, ξ1) ∈ Wm+2,pδ ×Wm+2,pδ and (u2, ξ2) ∈ Ck+2,α0 × Ck+2,α0 to equation
(3.4). Choosing δ′ ≤ δ suh that −1 < δ′ + n−1
p
< 0 lose enough to −1, the
solution to (3.4) is unique in W
2,p
δ′
and W
m+2,p
δ
,Ck+2,α0 ⊂ W 2,pδ′ so (u1, ξ1) =(u2, ξ2) ∈ W̃m+2,p;k+2,αδ × W̃m+2,p;k+2,αδ . This proves linearization stability for
the W̃ spaes.
3.4 Examples of appliations of Theorem 3.7
In this setion, we give two lasses of spaes that are linearization stable.
Proposition 3.8 (Linearization stability of vauum spaes). Let (M,g,K) be
Cauhy data where (M,g) is a Cl,β-asymptotially hyperboli manifold and K a
symetri 2-tensor on M suh that:
1. trgK is onstant on M ,
2. (M,g,K) satises the vaum onstraint equations: ρ = 0 and Ji = 0, with(1 − 1
n
) (trgK)2 − 2Λc = n(n − 1),
3. ∣L∣2 ∈ C0,α
δ′
for some δ′ > 0,
then the onstraint equations are linearization stable at (M,g,K) in the sense
of Theorem 3.7.
Proof. It is enough to prove that the operator P ∶ u↦ −(n−1)∆u−Scal u+n ∣L∣2g u
has trivial L2-kernel. The vauum Hamiltonian onstraint reads
Scal − 2Λc + (trgK)2 − ∣K ∣2g = 0
so
Scal = 2Λc − (trgK)2 + ∣K ∣2g = 2Λc − (1 − 1n) (trgK)2 + ∣L∣2g
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−Scal + n ∣L∣2g = n(n − 1)+ (n − 1) ∣L∣2g ≥ n(n − 1).
If u is an element of the L2-kernel of P , this implies :
0 = ∫
M
u (Pu) ≥ ∫
M
(∣∇u∣2g + n(n − 1)u2) .
So this proves that
∫
M
u2 = 0.
Finally u = 0.
Remark that this ase enompasses the hyperboli setions of the Minkowski
spae-time (Λc = 0 and trgK = ±1) and natural setions of the anti-de Sitter
spae-time (see e.g. [HE℄ ou [Wol84℄ for the denition of this spae-time). How-
ever, the anti-de Sitter spae-time is not globally hyperboli so, in the ase
Λc < 0, we only obtain the linearization stability of the Cauhy development of
M . The seond appliation of Theorem 3.7 extends the orresponding result in
[BG05, proof of Theorem 1℄ :
Proposition 3.9 (Linearization stability of the FriedmannLemaîtreRobert-
son-Walker spae-times). Let (M,g,K) be a Cl,β-asymptotially hyperboli man-
ifold suh that:
1. The energy density ρ is onstant on M : ρ = ρ0 and Ji = 0,
2. L = K˚ = 0,
3. Scal = −n(n − 1).
then the onstraint equations are linearization stable at (M,g,K) in the sense
of Theorem 3.7.
This Proposition inludes natural spatial setions of the FriedmannLemaître
RobertsonWalker spaes with K = −1 (i.e. whose indued metri orresponds
up to resaling to the hyperboli metri). The ondition that trgK is onstant
does not appears in the proposition being a diret onsequene of L = 0 and
Ji = 0 by the momentum onstraint. The proof is similar to the proof of the
previous proposition.
3.5 Counterexamples
In this setion, we give examples proving that the onstraint equations are not
linearization stable outside the weight interval. We begin by giving a onstru-
tion of ompatly supported TT-tensors on R
n
:
Proposition 3.10. Let Ω ⊂ Rn be a non-empty relatively ompat open subset.
There exists a non trivial ompatly supported TT-tensor on Ω.
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If Ω = Bn the open unit ball of Rn, using the onformal transformation
formula for TT-tensors (see e.g. [Gi08, Proposition 4.1℄), one an onstrut
non-zero ompatly supported TT-tensors on the hyperboli spae H
n
. Before
giving the proof of this Proposition, we give two examples of instability of the
onstraint equations outside the weight interval:
Proposition 3.11 (Instability of the onstraint equations outside the regularity
interval on the anti-de Sitter spae). Let δ > n. The onstraint map Φr is
not linearization stable at (Hn, b,K = 0), where b is the hyperboli metri, for
Λc = −n(n−1)2 , when seen as a map between the following spaes:
C2,0
δ
× C1,0
δ
→ C0,0
δ
× C0,0
δ
.
Proof. Let h be a non-zero ompatly supported TT-tensor on Hn. It is easy to
see that (h, k = 0) is a solution of the linearized onstraint equations ϕ(h, k) =
(0,0) for K = 0, ρ = 0, J = 0 and Λc = −n(n−1)2 . Assume that there exists one-
parameter families g(λ) and K(λ) satisfying the vauum onstraint equations
suh that g(λ)−b ∈ C2,α
δ
(where b is the hyperboli metri), K(λ)−0 ∈ C1,α
δ
with
g(λ) = b+λk+o(λ) andK(λ) = o(λ). If g(λ) is a one-parameter family of metris
suh that g(0) = b and dg
dλ
(0) = h then d
dλ
(Ricg(λ) + (n − 1)g(λ)) (λ = 0) ≠ 0.
Indeed, if this variation was zero, the following ellipti equation for h would
hold:
−1
2
∆Lh + (n − 1)h = 0,
where ∆L is the Lihnerowiz Laplaian (see e.g. [Lee06℄). However this equa-
tion annot admit any ompatly supported solution h (this is a onsequene of
the estimate [Lee06, Lemma 7.13℄). It an also be easily seen that the energy
and the momentum of (g(λ),K(λ)) are zero so using [Mae06, Theorem 1.4℄,
the (g(λ),K(λ)) are hypersurfaes in the anti-de Sitter spae. In partiular,
the Gauss equation traed on spatial oordinates leads to
Ricg(λ) + (n − 1)g(λ) = (trg(λ)K(λ))K(λ) −K2(λ) = o(λ2),
this ontradits the fat that
d
dλ
(Ricg(λ) + (n − 1)g(λ)) (λ = 0) ≠ 0.
The same onstrution together with the positive energy theorem for asymp-
totially Eulidean manifolds (see e.g. [CM06℄ and referenes therein) provides
the following ounterexample for asymptotially at Cauhy surfaes:
Proposition 3.12 (Instability of the onstraint equations on R
n
). Let δ > 0,
the onstraint operator Φr is not linearization stable at (Rn, e,K = 0), where e
denotes the Eulidean metri on R
n
, between the following spaes:
C2n−2+δ × C1n−1+δ → C0n+δ × C0n+δ,
where the spaes Ckα are dened (for symmetri 2-tensors) by
Ckα = {T ∈ Ckloc∣Tij = O(r−α), ∂l1Tij = O(r−α−1), . . . , ∂l1⋯∂lkTij = O(r−α−k),∀ i, j, l1, . . . , lk ∈ {1,2, . . . , n}} ,
r being the Eulidean distane from the origin.
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Proof of Proposition 3.10. Let T0 be a ompatly supported traeless symmetri
2-tensor. Dene ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
α = n
n − 1∂
s∂tT0st
ψj =∆∂iT0ij − (1 − 1
n
)∂jα,
then it is easily veried that the tensor Tij dened as
Tij =∆ (∆T0ij) − (∂i∂jα − 1
n
∆αδij) − (∂iψj + ∂jψi)
is a TT-tensor. We give now an example of non-trivial ompatly supported
TT-tensor obtained using this onstrution. Choose a symmetri matrix M
with zeros on the diagonal and χ smooth ompatly supported funtion whose
support is ontained in Ω and suh that χ = 1 on a ompat K with non-empty
interior. Dene T0 = χ∑k(xk)4M . A simple alulation shows that on K,
Tij = 24(n − 2)Mij ≠ 0.
Remarks :
1. This onstrution looks rather non natural. The underlying idea is to
pass to the Fourier transform. Then subtrat to T̂0 an element of the
form ξiψˆj + ξj ψˆi − 2n(ξ ⋅ ψˆ)δij (whih is the Fourier transform of L˚ψ♯δ).
And nally lear the denominators whih are of the form ∣ξ∣2 or ∣ξ∣4 by
multiplying by ∣ξ∣4.
2. There exists other onstrutions of ompatly supported TT-tensors in
dimension 3: [Cor07℄ (based on Hodge duality) and [DF01℄ (using spherial
harmonis). These onstrutions an lead to a parametrization of the set
of ompatly supported TT-tensors.
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